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We consider a pseudospin-1/2 Bose–Einstein condensate with Rashba spin–orbit coupling in a two-
dimensional toroidal trap. By solving the damped Gross–Pitaevskii equations for this system, we show 
that the system exhibits a rich variety of stationary states, such as vehicle wheel and flower-petal stripe 
patterns. These stationary states are stable against perturbation with thermal energy and can survive 
for a long time. In the presence of rotation, our results show that the rotating systems have exotic 
vortex configurations. These phenomenon originates from the interplay among spin–orbit coupling, trap 
geometry, and rotation.

© 2018 Elsevier B.V. All rights reserved.
1. Introduction

With the experimental realization of spin–orbit coupling (SOC) 
in neutral atomic gases, it has attracted enormous interest to ex-
plore the novel quantum state and its related dynamics [1–12]. The 
presence of SOC significantly changes the low-energy states of sin-
gle particle Hamiltonian, and the highly degenerate single-particle 
ground state leads to the formation of a variety of novel quantum 
states, such as half-quantum vortex, fractionalized Skyrmion lat-
tice, two-dimensional (2D) semi-vortex solitons, topological super-
fluidity, stripe phase, and so on [13–29]. Typically, the spin–orbit 
(SO) coupled Bose–Einstein condensates (BECs) with a harmonic 
trap shows a complex phase diagram, and two classes of phases 
and several subphases are identified [17–21].

One of the many remarkable new results from the study of ul-
tracold gase is its rotational property, which manifest itself as the 
presence of quantized vortex and its related vortex lattice [30–32]. 
The typical vortex structures of a harmonically-trapped BECs with 
SOC and rotation have been well studied, showing various exotic 
vortex lattices by varying the strength of SOC and rotation fre-
quency [33–38]. Recently, BECs in toroidal traps have been the 
subject of many experimental and theoretical investigations, where 
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one can study the fascinating properties of a superfluid [39–54]. 
Very recently, we have considered the mean-field and quantum 
many-body ground states of a SO coupled BECs held under a 
toroidal trap, and found that the system exhibits a variety of 
ground-state structures, such as a modified stripe, an alternately 
arranged stripe, and countercircling states [55]. In addition, odd-
petal states and persistent flows in SO coupled BECs have been 
investigated in Ref. [56].

In this paper, we focus on stationary states and rotational prop-
erties in a pseudospin-1/2 BEC subject to Rashba SOC held under a 
toroidal trap. We find that there exist parameter regimes in which 
the competition between the trap geometry and SOC is signifi-
cant, which allows a rich variety of metastable stationary states, 
such as triangular stripes and flower-petal patterns. To show that 
such stationary states can be reached in experiments, we solve the 
damped Gross–Pitaevskii equation that describes time evolution of 
the system in realistic dissipative environment. We find that the 
stationary states can be reached from various initial states, and 
they are stable against perturbation with thermal energy. Further-
more, we also show that in the presence of external rotation the 
system exhibits exotic vortex configurations.

The paper is organized as follows. In Sec. 2, we present the 
model for describing the SO coupled BECs held under a toroidal 
trap and briefly introduce the numerical method. In Sec. 3, various 
stationary states and rotational properties of such a system are in-
vestigated using the mean-field theory. Finally, Sec. 4 provides our 
discussion and conclusions.
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2. Formalism

The toroidal trap considered in this paper can be realized by a 
blue-detuned laser beam to make a repulsive potential barrier in 
the middle of a harmonic magnetic trap, and its radii and shape 
can be modified by changing the intensity and size of the plug 
beam [46]. The quasi-2D system can be realized by a tight har-
monic potential with frequency ωz � ω⊥ , where the longitudinal 
motion of the condensate is frozen to the ground state of the lon-
gitudinal harmonic trapping potential. Within the framework of 
mean-field theory, the Hamiltonian of such a system is given by 
H =H0 +Hint, where

H0 =
∫

drψ†

[
− h̄2∇2

2m
+ Vso + V (r) − �Lz

]
ψ,

Hint =
∫

dr
(

g↑↑
2

ψ
†2
↑ ψ2↑ + g↓↓

2
ψ

†2
↓ ψ2↓ + g↑↓ψ

†
↑ψ

†
↓ψ↓ψ↑

)
, (1)

where ψ = (ψ↑, ψ↓)T denotes the field operator of the atom with 
pseudospin state ↑, ↓, and m is the atomic mass. The Rashba SOC 
is Vso = −iκ(σx∂x +σy∂y) with σx,y being the Pauli matrices and κ
is the strength of the SOC. � is the rotation frequency and Lz is the 
z-component of the orbital angular momentum, where we assume 
that the “SOC lasers” are also rotated with the system to sim-
plify the problem [34]. The effective 2D interaction parameters are 
given by g = √

8π h̄2a/(maz) and g↑↓ = √
8π h̄2a↑↓/(maz), where 

a and a↑↓ are the corresponding s-wave scattering lengths and 
az = √

h̄/(mωz). To simplify the problem, here we further assume 
that the two intracomponent interaction parameters are the same, 
g↑↑ = g↓↓ ≡ g. The external potential considered in this work can 
be written as

V (r) = 1

2
mω2⊥r2 + V 0e−2r2/σ 2

0 , (2)

where ω⊥ is the radial trap frequency of the harmonic potential, 
r2 = x2 + y2, and V 0 and σ0 are proportional to the intensity and 
beam waist of the optical plug. Such a type of external poten-
tial can be realized by superposing a central repulsive potential 
barrier onto a harmonic trap [46], or intersecting a red-detuned 
sheet laser and a laser using a ring-shaped Laguerre–Gaussian 
mode [57,43], or using a hybridmagnetic-optical trap where a tar-
get ring potential is imaged onto the condensate using an intensity 
mask [42].

To study stationary states to which the system evolves, we em-
ploy the damped Gross–Pitaevskii (GP) equation, which converges 
to the ground or stationary states and simulates the dynamics 
of actual experimental systems with energy dissipation [58]. The 
damped dimensionless GP equation can be obtained by replacing i
with i − γ on the left-hand side of the usual GP equation, and can 
be written as

(i − γ )
∂ψ↑
∂t

=
(

−∇2

2
+ Vso + V (r) − �Lz + g|ψ↑|2 + g↑↓|ψ↓|2

)
ψ↑,

(i − γ )
∂ψ↓
∂t

=
(

−∇2

2
+ Vso + V (r) − �Lz + g|ψ↓|2 + g↑↓|ψ↑|2

)
ψ↓, (3)

where γ is a phenomenological damping parameter, and we set 
γ = 0.01 throughout this work. The results are not sensitive to 
the value of γ . Here we work in dimensionless units by introduc-
ing the scales characterizing the trapping potential: the length is 
expressed in units of oscillator length 
√

h̄/(mω⊥), the time is ex-
pressed in units of 1/ω⊥ , and the energy is expressed in units of 
oscillator energy h̄ω⊥ . Thus, the toroidal trap can be rewritten as

V (r) = r2/2 + Ae−r2/l2 , (4)

where l =
√

mω⊥σ 2
0 /(2h̄) and A = V 0/(h̄ω⊥). To reduce the num-

ber of parameters, we focus on the special case with A = 100 and 
varied l. In this case, the area of the central hole can be controlled 
by changing the parameter l. We start our numerical simulations of 
Eq. (3) from various initial states including the ground state with-
out SOC with random noises. The stationary states are reached by 
solving Eq. (3) using the pseudospectral method with the fourth-
order Runge–Kutta scheme.

3. Results and discussions

Without external potential or with a very weak harmonic trap, 
the ground state of a SO coupled system shows either a plane 
wave or a striped wave depending on the ratio between inter-
and intra-component interactions [16]. In the presence of a regular 
2D harmonic trap, the nontrivial interplay between SOC, external 
potential and contact interactions leads to a rich phase diagram 
comprising different ground phase structure, such as half-vortex, 
lattice phase, stripe phase, and so on [17,21]. In the presence of a 
toroidal trap, by varying the strength of SOC and the size of the 
central hole region, a SO coupled condensate held under a toroidal 
trap reveals a series of ground-state phases in the ground state of 
the system [55,56]. In what follows, we will perform a detailed 
numerical study of the stationary states and rotational property of 
such a system held under a toroidal trap.

3.1. Stationary states without rotation

We begin with the stationary states of such a system for both 
miscible and immiscible cases for � = 0. Fig. 1(a) shows the den-
sity and flow patterns of a stationary state for the miscible case 
with g = 1000, g↑↓ = 800, l = 3, and κ = 3, where the direction of 
the phase gradient of ψ↑ is marked by the dashed-line arrows. The 
direction of the phase gradient of ψ↓ is the same as that of ψ↑ . We 
recall that as the central hole of the toroidal trap is increased, the 
true ground state changes from the plane-wave state to the coun-
tercircling state, in which the wave number vectors align clockwise 
and counterclockwise on the two semicircles, and then changes 
to the one-way circling state [55]. The true ground state for the 
present parameter is the countercircling state. For the stationary 
state shown in Fig. 1(a), in contrast to the true ground state, more 
complicated flow pattern is stabilized. In this case, we observe two 
pairs of countercircling flows. The particle current consists of both 
the canonical part and the gauge part induced by the SOC, and 
thus the net particle current along the circle equals to zero.

Fig. 1(b) shows two examples of stationary states for the immis-
cible case with g = 6000, g↑↓ = 8000, l = 5, and κ = 1.25. For the 
immiscible case, the ground state for a uniform system is the stripe 
state, in which the two components are alternately aligned. For the 
toroidal trap, the direction of the stripe is almost in the same di-
rection for a small central hole, and is along the ring in the limit 
of tight annulus [55]. For the stationary states shown in Fig. 1(b), 
interesting stripe patterns appear, such as vehicle wheel or flower 
petal patterns, which are quite different from usual ones. Similar 
but different patterns are obtained from run to run with differ-
ent small initial noises, because there are an enormous number of 
different stationary states, whose energies are almost degenerate. 
Thus, we cannot determine the true ground state by the damped 
or imaginary-time GP evolution. The high degeneracy is due to the 
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Fig. 1. (Color online.) Typical stationary states of a SO coupled BECs held under 
a toroidal trap for both miscible and immiscible cases. (a) The density and flow 
patterns for the miscible case with g = 1000, g↑↓ = 800, A = 100, l = 3, and κ = 3, 
where the direction of the mass flow is marked by the dashed-line arrows. (b) Two 
different types of density profiles for the immiscible case with g = 6000, g↑↓ =
8000, A = 100, l = 5, and κ = 1.25. (c) Density and momentum distributions for 
κ = 2, other parameters are the same as (b). The length is expressed in units of 
oscillator length 

√
h̄/(mω⊥), and the scale of each figure is 25.6 × 25.6.

competition between the nonlinear interaction, external potential, 
and SOC in this parameter regime.

Interestingly, with a further increase in SOC, the damped evo-
lution always converges to a stationary state with triangular struc-
ture, as shown in Fig. 1(c) for κ = 2.0, although the true ground 
state is the stripe state aligned in the same direction. To get a 
deeper physical insight into the origin of this state, it is useful to 
look at its momentum distribution, which is presented in the third 
panel of Fig. 1(c). One can see that six maxima at angles ϕ = π/3
appear around the Rashba ring. This is in a sense reminiscent of 
the harmonically-trapped case, where a lattice phase emerges as 
the ground state [21]. In the present case, large l leads to a large 
radius of the toroidal trap and a large central hole, and the behav-
ior of the system is intermediate between the harmonic potential 
and one-dimensional (1D) ring. As a result, the density distribu-
tion of the system shows the triangular stripe phase, where main 
region of the toroidal trap is occupied by the straight stripes and 
their vertices with an equilateral triangle shape by curved stripes.

We note that most of the initial states, including the ground 
state of the system without SOC and the totally random initial 
states, converge to the same or similar stationary states shown 
in Fig. 1 through the damped GP evolution. This strongly suggests 
that these stationary states can be obtained in real experiments. 
Fig. 2. (Color online.) Typical vortex structures of the rotating system for l = 2, 
and for rotation frequencies � = 0.4, 0.5, 0.6, 0.7, and 0.8, corresponding to (a), 
(b), (c), (d) and (e), respectively. From left to right: density of up-component, 
phase of up-component, density of down-component, phase of down-component, 
and k-space density of the up-component. Other parameters are given as g = 6000, 
g↑↓ = 8000, κ = 1.0, and A = 100. The length is expressed in units of oscillator 
length 

√
h̄/(mω⊥), and the scale of each figure is 25.6 × 25.6.

Once these stationary states are formed, they can survive for a 
long time since there exists an energy barrier to decay into the 
true ground states. In addition, such 2D patterns can not survive 
in the limit of tight annulus. The density distribution of the sys-
tem will shows an alternately arranged stripe pattern along the 
ring, and the number of stripes increases with the strength of the 
SOC [55].

3.2. Rotational property

One of the interesting aspects of the toroidal trap is its rota-
tional property, which manifests itself as the presence of quantized 
vortices and its related vortex lattices [59,60]. The typical vortex 
structures of a harmonically-trapped BECs with SOC and rotation 
have been well studied, showing various exotic vortex lattices by 
varying the strength of SOC and rotation frequency [33–35,38].

Our numerical results show that when the rotation frequency �
is small, vortices are distributed on a circle and the number of vor-
tices along the circle increases with �, as shown in Figs. 2(a)-2(c)
for � = 0.4, 0.5, 0.6, respectively. We find that the vortices in up-
component and down-component are slightly shifted from each 
other, which is due to the SOC [61]. The direction of the shift is 
in the radial direction, i.e., perpendicular to the direction of the 
flow, as reported in Ref. [61]. With an increase in the rotation 
frequency, we find that not only the number of vortices along a 
single circle but also the number of circles increases, as shown 
in Figs. 2(d)–2(e) for � = 0.7, 0.8, respectively. Such circle-like 
alignment of vortices may be due to the anisotropic interaction 
between vortices due to the SOC [61], which merits further study. 
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For fixed l and �, either the number of vortices on each circle or 
the number of vortex circles increases with the strength of SOC, 
which is easily explained by the fact that the SOC can help vortex 
nucleation.

4. Conclusions

In summary, we have considered a rotating SO coupled BEC 
confined in a toroidal trap. In the absence of rotation, the sta-
tionary states of the system show exotic structures, such as ve-
hicle wheel and flower-petal stripe patterns, which we attribute 
to the competitions between the external potential and SOC. For 
the miscible case, more complicated flow pattern can be formed 
in the stationary state compared with the countercircling one for 
the ground state. In the presence of rotation, the system is found 
to exhibit exotic ground-state vortex configurations by varying the 
strength of SOC and rotation frequency. In real experiments, both 
the strength of SOC and the shape of external potential can be con-
trolled by optics means. Thus, we expect that the parameters used 
in this work are within current experimental capacity.
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